Abstract. One of the central results in Einstein's theory of Brownian motion is that the mean square displacement of a randomly moving Brownian particle scales linearly with time.
Introduction
The Fokker-Planck equation, or forward Kolmogorov equation, has long been used to model the evolution of the probability density of a particle that is undergoing Brownian motion (standard diffusion) subject to an external force [1] [2] [3] . The fractional Fokker-Planck equation for a particle undergoing sub-diffusion in a spatially varying force field was first derived from the spatial continuum limit of a biased continuous time random walk (CTRW) in [4] . The corresponding equation for sub-diffusion in an external time-dependent force field was derived in [5] and the equivalence to a subordinated Langevin equation was shown in [6] . The fractional Fokker-Planck equation with both time-and space-dependent forces was derived in [7] . Other fractional Fokker-Planck equations have been derived outside of a CTRW framework [8] [9] [10] .
CTRWs have also been used to generalise reaction-diffusion models to systems with anomalous diffusion. Master equations that govern the time evolution of the density of particles have been derived for a range of cases. This was first considered in [11] with mass action reaction terms added to the sub-diffusion term. A sophisticated treatment properly incorporating linear reaction kinetics in the CTRW framework
Generalized Master Equation Derivation

Reaction Kinetics and Forcing
In reaction-diffusion processes, reaction kinetics are usually incorporated as an additive term through the law of mass action [35] [36] [37] . However, in reaction sub-diffusion processes the reaction kinetics and the transport terms become entwined [12, 13, 15] . In the following we separate the reaction kinetics as birth and death processes [15, 38] . Death may be due to the particle changing type in which case there will be a corresponding birth. We assume that the probability of a particle dying between t and t + δt is given by ω(x, t)δt + o(δt). It follows that the probability of the particle surviving to time t is
and time till death is exponentially distributed with a non-uniform rate parameter. We define a probability of a particle being created between times t and t + δt as η(x, t)δt + o(δt).
As the simplest example, consider the reaction A → B. In this reaction we have death of particle A with a corresponding birth of particle B. From the law of mass action, the time evolution of concentrations of particles of type A and B are dA dt = −kA and dB dt = kA respectively. The probability of a particle of type A dying between t and t + δt in this case is the per capita death rate k times the time interval δt; thus ω(x, t) = k. The probability of a particle of type B being born between times t and t + δt is equal to per capita death rate k times the concentration of A; thus η(x, t) = kA.
The effect of a force field on the particle can be incorporated into the jump density [4, 7] . The force field biases the direction that the particle jumps as a function of both x and t.
Single Particle Master Equation
We start by deriving the master equation for a single particle undergoing a CTRW with a pure death process. This derivation follows the derivation presented in [39] with the added complications from the space-and time-dependent force field. As we want to start from the underlying stochastic process we consider the arriving flux density of the particle at point x at time t after it has taken no jumps given that the particle was initially at point x 0 at time 0
In general the flux after n + 1 steps is given by recursion equation
where Ψ (x, x ′ , t, t ′ ) is the probability that a particle at x ′ at time t ′ jumps to x at time t. We make the assumption that this may be expressed as a product of two independent densities; a jump density λ(x, x ′ , t) and a waiting time density ψ(x
where λ and ψ must satisfy the normalizations;
The x dependence in the waiting time density in Eq. (2.2) allows for spatially non-uniform trapping [40] . The forcing will be included through a bias in the jump density. Following Scher and Lax [41] , we sum over the number of jumps to derive the recurrence relation for the flux density of a particle arriving at point x at time t independent of the number of jumps taken
3) The probability of a particle being at point x at time t is given by
where
is the survival probability. Care has to be taken due to the discontinuity at the boundary in the flux density, Eq. (2.3). Following Appendix we define
is right continuous at the t = 0 boundary. Substituting this into Eq. (2.4) gives
Differentiating this equation with respect to time then gives
It is then possible to define the flux density leaving the point x at time t as
This allow us to express the derivative of the density, Eq. (2.6), as a differences of fluxes
Given that the flux density for arriving at point x at time t can be expressed as the instantaneous flux that have left other points x ′ we have
To express i(x, t|x 0 , 0) in terms of ρ(x, t|x 0 , 0) we use Laplace transform methods. We first note that due to the exponential form of Eq. (2.1)
It follows that we can rewrite Eq. (2.4) as
and then take the Laplace transform to give
where L denotes the Laplace transform operator, the hat denotes a Laplace transformed function, and s is the Laplace variable. Similarly we can rewrite Eq. (2.7) as
with Laplace transform
Combining the two transformed equations, Eq.(2.10) and Eq.(2.11), and then inverting the transform gives
where K(x, t) is defined by its Laplace transform
It is now possible to write Eq. (2.8) as the generalised master equation for a single particle with a probability of dying;
In the case of power law waiting times with nearest neighbour jumps in one dimension, Eq. (2.12) reduces to the mesoscopic fractional sub-diffusion equation with death processes, Eq. (29) in [16] .
Ensemble Master Equation
The single particle master equation, Eq. (2.12), can be used to derive the generalised master equation for an ensemble of particles that are created and destroyed by a reaction process whilst being subjected to an external force field. We make the simplifying assumption that the newly created particles will be independent of any parent particles, i.e. they will draw a new waiting time. This is equivalent to Model B [15] . We define a probability of a particle being created between times t and t + δt as η(x, t)δt + o(δt).
It is then possible to write the density of particles at a point x at time t as
We can then differentiate this with respect to time and use the single particle master equation, Eq. (2.12) to arrive at
With further simplification, this gives the generalised master equation for an ensemble of particles subject to reactions, forcing and trapping;
By taking the special case of no spatial dependence in the memory kernel, i.e. in the waiting times, and taking a jump density that only depends on the differences in location, Eq. (2.13) limits to the Model B generalised master equation (Eq. (26) in [15] ). The spatial continuum limit of this special case corresponds to the master equation derived in [42] . Also it should be noted that a representation of the master equation, Eq. (2.13), that is closer to the generalized master equation in [43] and [5] can be obtained by identifying
The Laplace transform of the memory kernel M (t) is given bŷ
sΦ(s) .
Fractional Fokker-Planck Equation
To obtain the corresponding Fokker-Planck equation from the master equation we consider the CTRW on a one dimensional lattice with biased nearest neighbour jumps and the waiting times densities the same at all points. In this case
where p r (x, t) and p l (x, t) denote the probabilities to jump t o the right from x and to the left from x respectively. Eq. (2.13) then reduces to:
The Fokker-Planck equations describing CTRWs with space-and time-dependent forcing can be derived from the generalized master equations by taking a spatial continuum limit. Following [7] we suppose that in the case of an external space-and time-dependent force field,
the bias probabilities are given by (near thermodynamic equilibrium) Boltzmann weights
e −βV (xi+1,t) + e −βV (xi−1,t) ,
e −βV (xi+1,t) + e −βV (xi−1,t) .
The continuum limit of the generalized master equations is then obtained by writing x i = x, x i±1 = x±∆x and carrying out Taylor series expansions in x, retaining leading order terms in ∆x. For a general waiting time distribution, this limit gives us
We can simplify this further by considering particular cases for the waiting time density. An exponential waiting time density leads to the standard Fokker-Planck equation with additive reactions. A power law waiting time density, such as the Pareto density, at long times leads to the fractional Fokker-Planck equation with reactions. Spatially non-uniform trapping without reactions has been considered in [40] .
Exponential waiting time density
The exponential waiting time density is defined by
The expected value of the waiting time is τ (x) = 1 γ(x) and the variance is
and
such that D(x) and ζ(x) remain finite and differentiable with respect to x [4] . Eq. (3.2) is the standard Fokker-Planck equation with spatially dependent waiting times and the addition of the reactive terms.
Power Law waiting time density
Now we consider a Pareto waiting time density, so that the resulting process will exhibit sub-diffusion. The waiting time density is then given by
with the Laplace transform given by a Tauberian (Abelian) theorem [44] ψ(x, s)
to leading order in s (large t). We also haveΦ(x, s)
is the Riemann-Liouville fractional derivative of order 1−α(x), assuming that the fractional integral D −α(x) t y(x, t) vanishes at t = 0. The approximation in Eq. (3.3) becomes exact if the MittagLeffler waiting time density is used in place of the Pareto waiting time density [45] . We rewrite Eq. (3.1) so that the integrals are convolutions with the memory kernel by using Eq. (2.9) to give
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The fractional Fokker-Planck equation with reactions is then,
such that D α(x) and ζ α(x) remain finite and differentiable with respect to x [4] .
In the limiting case with no reactions, i.e. ω(x, t) = 0, and η(x, t) = δ x,x0 δ(t − 0 + ), Eq. (3.4) can be written,
This is the fractional Fokker-Planck equation with time-and space-dependent forcing that was first derived, for spatially uniform waiting times, in [7] .
Summary
In this paper we have utilized the continuous time random walk as an underlying stochastic process and we have included reactions as a birth and death process and time-and space-dependent forcing through biased jumps. Using this formalism we have derived the generalised master equation, Eq. (2.13), and the fractional Fokker-Planck equation, Eq. (3.4), for a system of particles subjected to both reactions and external forcing. Under appropriate conditions these equations recover well known special cases; the linear reaction sub-diffusion equation [12] , the nonlinear reaction sub-diffusion equation [15] , the fractional Fokker-Planck equation with space-dependent forcing [4] , and the fractional Fokker-Planck equation with space and time dependent forcing [7] . The effects of reactions and forcing together are not simply additive unless the waiting time density is exponential (see for example Eq. (3.4) ). The non-additive coupling of reaction and transport should be carefully considered, in the light of this, in experimental systems where anomalous sub-diffusion is observed.
Appendix: Riemann-Stieltjes Integrals
We consider the time derivative of Eq. (2.4). Because the integrand is not continuous we cannot simply apply Leibniz rule for differentiating under the integral sign. The discontinuity comes from the flux density at t = 0. A work around is to first separate out the discontinuity and write
where q + (x, t|x 0 , 0) is right continuous at t = 0. A formal justification of Eq. (2.6) requires the use of Riemann-Stieltjes integrals [46] . It is common in the physics literature to write integrals over probability densities as Riemann integrals as in Eq. (2.4) but it is formally correct to write such integrals as Riemann-Stieltjes integrals. In this case we could write 
which is an ordinary Riemann integral. However dQ dt is not bounded and continuous because of the delta function singularity in the initial condition for q(x, t|x 0 , 0). We can separate this out in the Riemann-Stieltjes representation be writing
where the first integral includes the discontinuity from the delta function δ(t−0 + ) and the second integral is the continuous part. The function H(t) is the Heaviside function. Note that it is common to write
The left hand side is well defined as a Riemann-Stieltjes integral even though the right hand side is not well defined as a Riemann integral. The justification for this is that the right hand side is always evaluated by the expression on the left hand side. In particular when we evaluate t 0 Φ(x, t − t ′ )θ(x, t, t ′ )δ x,x0 δ(t ′ − 0 + ) dt ′ = δ x,x0 Φ(x, t),
we are really evaluating t 0 Φ(x, t − t ′ )θ(x, t, t ′ )δ x,x0 dH(t ′ ) = t ′ Φ(x, t − t ′ )θ(x, t, t ′ )δ x,x0 (H(t ′ + 0) − H(t ′ − 0)) = Φ(x, t)δ x,x0
since H(t ′ + 0) − H(t ′ − 0) is zero everywhere except at t ′ = 0 when the difference is unity. Therefore it is not possible to evaluate Φ(x, t − t ′ )θ(x, t, t ′ )dQ
For the continuous part we define q + (x, t|x 0 , 0) = dQ + (x,t) dt which is bounded and continuous so that ρ(x, t|x 0 , 0) = Φ(x, t)δ x,x0 + t 0 Φ(x, t − t ′ )θ(x, t, t ′ )q + (x, t ′ |x 0 , 0)dt ′ where the remaining integral is now a standard Riemann integral in agreement with Eq. (2.5) and the result Eq. (2.6) follows as above.
